Journal of Analysis and Applications
Vol. 22 (2024), No.2, pp.123-134

ISSN: 0972-5954

(© SAS International Publications

URL : www.sasip.net

Difference equations with special

polynomials as solutions
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Abstract. In this paper, we introduce the difference equations of
Bernoulli polynomials constructed using trigonometric functions and
quantum numbers. Several types of difference equations have Bernoulli
polynomials (QSB and QCB) as solutions and contain various prop-
erties.
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1. Introduction

This section briefly outlines the essential definitions and theorems re-
quired for understanding this study. For ¢ € R — {1}, the g-number is
defined as:

In the definition of the g-number, it noted that lim,_,1[n], = n, see
(2], [3, [8]. Moreover, for k € Z, [k], is referred to as a g-integer. The
g-numbers introduced by Jackson ([3]) have led to expanded theories that
intersect with established fields, see, [1], [2], [7], [8]

The ¢-Gaussian binomial coeflicients ([?]) are defined as
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Here, m and r denote non-negative integers.
Note that [n],! = [n]q[n — 1]q - - - [2]4[1] and [0],! = 1.

Definition 1.1. Let x be any complex numbers with |z| < 1. Then, two

forms of g-exponential functions ([1], [2]) can be expressed as

n=0
Eq(f) = Zoq(;) [Z]q!

It is noted that lim, 1 e,(z) = €® and e, (z)E4(—z) = 1.

Definition 1.2. The g-derivative of a function f with respect to x is defined
by
f(z) = flgz)
D,f(x) = —————=, for z #0,
q ( ) (1 _ q)x 7&
and Dy f(0) = f'(0), see, [6], [8].
We use the derivative with respect to x,y, and ¢, which are expressed

as Dq gz, Dgy, and Dy 4, respectively.

Definition 1.3. The classical function for the g-Bernoulli numbers and

polynomials ([5], [7]) are

- tn t
-Bn7 - 3
nz::() TInlg!  eq(t) -1
iB (z) "o ! eq(tx), respectivel
ne0 P Nl eg(t) — 1T P v

For ¢ — 1 in Definition 1.3., we can find the Bernoulli numbers B,,

and polynomials By, (z).

In [5], the authors introduced new Bernoulli polynomials (sine Bernoulli
polynomials and cosine Bernoulli polynomials) by replacing « with complex

numbers and studied several properties thereof.
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Definition 1.4. The generating function for the ¢-SINE Bernoulli (QSB)
and ¢-COSINE Bernoulli (QCB) polynomials are
n t

> Buale) oy = oy g eat)SIN (1),
n=0 a: q

> Bugle ) oy = gy —gealt=)CO8, (1),
n=0 a q

respectively, see [5].

Theorem 1.5 [6]. Let k be a non-negative integer. Then, the following

relations can be formulated:

) Su-raliy) = A DS, 00)
(i) Coralen) = "D, o o00).

Theorem 1.6 [6]. Let k be a non-negative integer. Then, the following is

valid:

|
(—1)§&'',S’n,k,q(ac,qky)7 if k is even,

n —klg,!
O DWsaen=]
(_1)k21m[ﬁ]qkl]qlcnk,q(x, q*y), if k is odd.
(_1)§Mcn_k o, d%y), if k is even,
[n — Klg! ’
(i) DY) Cnglw,y) =
(_1)%Msnfk7q(x,qky), if k is odd.

[n — E],!

2. Several types of difference equations with
QCB and QSB polynomials

In this Section, we use the Theorems 2.1. and 2.2. to verify the

g-difference equations associated with QSB and QCB polynomials. The
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g-difference equations that vary based on the variables are shown to have

QSB and QCB polynomials as solutions.

Theorem 2.1. For k € non-negative integer, we have the following rela-

tions with ¢ By, ¢(x,y) and sBy, q(z,y):

[n]q!

() DfcBua(ey) = o=t Barala:y),
q!

i) D® B _M B

(11) q,xS n,q(may) - [n—k] 'S n—k,q('xay)'
7!

Proof. (i) Using the ¢g-derivative in ¢ B, 4(z,y) about z, we get:

DY Z By,

—tchnqu []

Z qCBn Lq € y) [n]q' (1)

After comparing the coefficients of t" in Equation (1), we can formu-

late:

Dg}%CBn,q@vf‘/) = [n]qCanl,q(may)
- [n]q'
= Wan 1,4(2,Y).

Via induction, we obtain Theorem 2.1 (i).

(ii) If we apply the proof of (i) of the Theorem 2.1 similarly to By, q(,y),

we can derive (ii) of the theorem; hence, the proof process is omitted. [

Theorem 2.2. Let k be a non-negative integer. Then, the following hold:

nl,! . .
(_l)g[n[—]?gb!cBn_k’q(x’ q"y), if kis even,

(i) D)eBugle,y) =

s [n]g! o
(=1)7= mSank,q(x,qky)7 if k& is odd.
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(—1)§M B (z,q"y) if k is even
[’Il* k]q!S n—k,q\T,q"Y), )
(i) D)sBnq(z.y)

" e [n]y!

(-1)= “] 10 Bn_g(w,q"y), if k is odd.

[n — K],

Proof. (i) Applying the g-derivative in ¢B,, 4(z,y) with respect to y, we

obtain

t
Dgl)ZCB ’qu ZSB 7qqu”

_ Z[n]qun,q(L ay) :L .

= [n]q!

(2)

Using the coeflicient comparison method and induction in (2), we can

write:

[n],!

D(I%CBn q( ay) = [n]qSBn—l,q(xaqy) = [n_i?l]'SBn—l,q(x7qy)a
q

nlq!
Dt(z?a)ccBn,q(xa y) = _[n]q[” - 1]qCBn—27q(xa ‘129) = _%CB"—QA(LQQQ):

[n —2],!

to derive the desired result.

(ii) If we apply the proof process of (i) of Theorem 2.2 similarly to g By, q(z,y),

we can derive (ii) of the theorem; hence, the proof process is omitted. [

Theorem 2.3. (i) The q-difference equation of the form

Bn,‘]

[n]q!
Bn—l, n—
+ Db Sna(ew)

Bn 2,9
[n —2J,!
+ Bl,qu’ISn,q(x7 y)

Dc(ﬁz) Sn,q(xa Y)

+

n— By,
D( 2s g(my) +-+ [2]; Dé?%qu(x,y)

+ Boﬂ‘s’mq(aj)y) - SBn,q(mvy) =0
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has By ¢(x,y) as a solution.

(11) The polynomial ¢ By, 4(z,y) is a solution of

Brg n
[n]j Dz(J,z Cn,q(‘ra y)

B_14 1
7’D” )C,
+ [TL— 1] ,q(xay)
By_24 9
: D" ), ..
+[7’l—2] C q(x7y)+

+ BLquﬂEC'n,q(x7 y)

B2,q

[ ] D(z)cn q($,y)

+ BO,quq(x,?J) - CBn,q(xvy) =0.

Proof. (i) Using the generating function of QSB polynomials, we find a
relation for gB,, 4(x,y), Bn.q, and Sy, 4(x,y) as

ZSBnq (z y Z (Z [n] Bk,ank’q(fcay)> [Tt;q!' (3)

k

Comparing both sides of Equation (3) for t" yields,

n

sBug(z,y) =Y m BigSn-—r.q(z.y). (4)

k=0 - 44q
If we replace Equation (4) with Theorem 1.5.(i), we can write

n

(T, Y) Z ’qD(k)S g (2,). (5)
k=

We obtain the desired result by expanding the series in Equation (5).

(ii) Using a procedure similar to Equation (3) for the QCB polynomial, we

can write:

“~ [n
C'Bn,q(xvy) = Z |:I€:| Bk,anfk,q(xa y) (6)

k=0 "q
Using Theorem 1.5.(ii), Equation (6) becomes Equation (7):

n

By q(@,y) Z

— q

Crg(,y)- (7)
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From Equation (7), we can derive Theorem 2.3. O

Corollary 2.4. For ¢ — 1 in Theorem 2.3, the following holds:

~Bn d? B, dv! By d?
(l)ﬁdmﬁsn(x,y) + mmsn(%y) +oe i@sn(xay)
d
+ Bl%‘sn(xa y) + BOSn(xvy) - SBn(iU,y) = 07
B, d" B, 1 d'! By d?
(ll)ﬁdajﬁcn(x’ y) + mmcn(xay) +-t ?@Cn(%y)

d
+ B12—-Cn(w,y) + BoCu(2,y) — ¢ Bu(,y) = 0.

Theorem 2.5. Let n be a non-negative integer. Then, the q-difference

equation below, for variable y, has sBy, q(z,y) as the solution.

(i) If n is a even number, then

(=1)2Bng rn o (“1)EBuig »
qul}é,y)smq(%q y) + ng)y D0, o, g )
n—2
—1) =2z B -2, e n B27 -
Dl Sl ) 4 DEADES,tra7)
q- q!

- Bl,qDé,l;Cn,q(xv qily) =+ BO,an,q(xv y) - SBn,q(xa y) =0.

(ii) If n is a odd number, then

(_1)%Bn’q (n) —n (_1)nngn71,q (n—1) 1-n
TRl D) S D S )
(_1) 77«;1 anz, n— _n BQ’ 3
b P Gl ) = D ()

- Bl,qDé}y)Cn,q(mu q_ly) + BO,an,q(m7 y) - SBn,q(xv y) = 0.

Proof. In Theorem 1.6.(i), we can formulate

— |
(_1)§ [n[n]k"]qD((]’igsnﬂ(x’q_ky), lf k iS even,
q:

Sn—k,q(T,y) = (8)

n — kl,! .
(_1)1931[[71}'][1D((120n,q(a:,q_ky), if k is odd.
q!
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Applying Equation (8) in Equation (4), we can complete the proof of The-
orem 2.5. O

Corollary 2.6. Setting g — 1 in Theorem 2.5, the following holds:

(i) Ifn is a even number, then

(-1)3B, d* (-1)3B,_y d"!

(—1)"2" Bp_g d"2 By d?
T -2 gy oY)+ o1 gz on(@Y)

d
_ Bljycn(x7y) + BoSn(z,y) — sBn(z,y) = 0.

(ii) If n is a odd number, then

(-1)*+ B, d" (-1)"=" B,_, d"?
By d? d

U —Bi— B — 4B — 0.
91 dy2 Sn(xay> ldycn(w7y) + OSn(xay> S n(xay) 0

Theorem 2.7. For variable y, ¢ By, q(x,y) is one of the following solutions
of the g-difference equations: (i) If n is a even number, then

n—2

(_1)%31’1, n —n (—1) 2 Bn_17 n— h
Tqut(z,y)Cn,q(x,q y) + [n——l]'qu(w D8, o(z,q' ")
q° 4
n—2
—1)"2 Bj,_o, n— n By, ~
+ ([)11_2]"1Dé7y 2)0n7q(.’L’7q2 y) 4= [2] 'DC(I,Q;Cn,q(xM] 2y)
q- N

+ Bl,qDé}JSn,q(r»qfly) + Bo,qCnq(®,y) — ¢ Bng(z,y) = 0.

(ii) If n is a odd number, then

(_1)%713'”"1 (n) -n (_1)%Bn71,q (n—1) 1—n
DAy Sl aTy) S DL G007 )
n—3
(_1) 2 Bn—2, — —n BQ, _
g D a0 ) = D7)

+ Bl,qDéBSn,q(xv q_ly) + BO,qu,q(xv y) - CBn,q(xa y) =0.
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Proof. In Theorem 1.6.(ii), it can be observed that

k[0 — kg
(-1)= WDéégCn)q(x,q_ky), if k is even,
q!
Crnrq(,y) = (9)
1 [n— k]! . .
(_1)%[[n]']qD¢(;25n,q(x, q *y), if kis odd.
q!

Considering Equation (9) in Equation (6), we obtain the result of Theorem

2.7. O

Theorem 2.8. For e, (t) # —1, the QSB polynomial is one of the solutions
of the following n-th order difference equation:
1
— DM B, ——pn-Yg¢B,
[n}q' q,ws ,q(x y) + [n . 1]!1' q,x S aQ(xvy)

1 . 1
+ WD((NU 2)SBn,q(xa y)+-+ WDé?%an,q(%y)
q* q*

+ D((J,lzszn,q(x7 y) +2 (SBn,q(Ia y) - Sn,q(xa y)) = 0.
Proof. If ¢,(t) # —1 in the generating function of QSB polynomials, the

following derivation is obtained:

%) m
2 Sn, (xay)i
,;) ! [n]q!

= Z (Z [ﬂ sBn—k,q(2,y) + an,q(x,y)> # (10)
k=0 L'dq g

After comparing the series on both sides in Equation (10), we can

write:

n

25, 4(.y) = ZHankquHsB Aoy, ()
=0

If we substitute Theorem 2.1.(ii) into the right-hand side of Equation (10),

we can formulate

n

1
Z WD((I{CJZSBTL,q(x7y) + SBn,q(xay) - 25”,Q<$ay) =0. (12)
k=0 "
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By expanding the finite series on the left-hand side of Equation (12), we
obtain the desired result. O

Theorem 2.9. The q-difference equation

1 , 1
7[n]q!D¢(1,Lw)CBn,Q(-'L'7 y) + WD(STL 1)CBn q(x7 y) 4+t D((Z)lchn’q(x, y)

+2 (CBn,q(xuy) - Cn,q(x7y)) =0

has ¢ Ey q(x,y) as the solution.

Proof. Similar to the procedure used for finding Equation (11) in Theorem
2.8, the relationship between ¢ B, ¢(z,y) and C,, 4(z,y) is:

n

2Cn,q(xay) = Z |:Z:| Cank,q(xay) + CBn,q(‘ra y) (13)
k=0 q

Substituting (ii) of Theorem 2.1. into the right-hand side of Equation (13),

we obtain:
“ 1
WDglfx)CBn,q(xv y) + CBn,q(ma y) - 2Cn,q($7 y) =0. (14)
k=0
Using Equation (14), we can finish the proof of Theorem 2.9. O

Corollary 2.10. For ¢ — 1 in Theorems 2.8 and 2.9, the following holds:

1 d” 1 dr—1
) Bu(e,9) + o Bu(ay) + -
(l)n! dan® (@ y) + (n— 1)!dx”_1s (x,9) +

1 d? d

———gB —gB

+2'd 2 S n(xay)+dx5 n(l‘vy)
+2 (SBn(zvy) - Sn(z,y)) =0.

1 dr 1 dr—t

B - -
— T CBal@y) + =

(ii) — 01 do—

1CBn($ y) +-

1 d2 a
+o g 7o Ba(@,y) + e Balz,y)

+2(cBn(,y) — Cul,y)) =
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3. Conclusion

We have identified several differential equations whose solutions are
QCB polynomials or QSB polynomials. It was confirmed that differential
equations appear in various ways depending on the variables, and in order
to present mathematical modeling in the future, we need to further study

various differential equations.
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